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Problem 1: Two-dimensional electron gas

Based on the topic discussed in the lecture, answer the following questions:

1. Why is it reasonable to describe the electron gas as two-dimensional?
What is the condition for this description to be valid, and when does
it become invalid?

2. Why is the conduction band offset at the interface of AlGaAs and GaAs
required? What would happen without it?

3. Explain the origin of band bending in the doped and two-dimensional
electron gas (2DEG) region. Hint: role of charge density originating
from ionized dopants and the interface effect.

4. Why do 2DEGs have lower disorder and a longer mean free path than
comparable doped bulk semiconductors?

Problem 2: Tunnel-coupled double quantum dot

One of the most promising qubits is the singlet-triplet qubit (electron spins in
the quantum dots) corresponding to a pair of electrons in two-closely spaced
quantum dots. In the lecture, an intuitive derivation of the energy diagram
of a tunnel-coupled double quantum dot was presented by considering the
(1, 1) and (0, 2) charge states. A two-site Hubbard model filled with exactly
two electrons and with the maximum possible occupation of four electrons is
used to describe and understand such a system. The spin degrees of freedom
and a detuning of the two dots by the detuning energy ε is also included.

1. Using Pauli’s exclusion principle, write down all the valid states in the
second quantized form. The following notation can be used; b†iσ creates
a particle on site i = [L,R] with spin σ = [↑, ↓].
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2. Write down the Hamiltonian of the entire system, which includes the
kinetic and the interaction energy (Hubbard) term. The latter (on-
site repulsion) term is caused due to the close proximity of the two
negatively charged electrons.

3. On adding a detuning energy, V (ε) = ε
2

(nL − nR), to the Hamiltonian
(see part 2. above), write down the total Hamiltonian as a matrix in
the basis from part 1. Note that ni is the number of electrons at the
site i.

4. Numerically calculate and plot all the eigenenergies of the Hamiltonian
(obtained in part 3.) as a function of the detuning energy, ε, ranging
from -200 µeV to 200 µeV for t = 10 µeV and U = 70 µeV . What is
the spin component of the lowest ground state?

5. What is the ground state at very low detuning (ε→ −∞), at very high
detuning (ε→∞), and at zero detuning (ε = 0)?

6. Generalize the Hamiltonian, (from part 4.), to include a homogeneous
magnetic field B. How do the eigenenergies change? What is the
physical reason that this change can be computed analytically?

7. Plot the eigenenergies of the Hamiltonian as a function of detuning
energy, ε, ranging from -200 µeV to 200 µeV for t = 10 µeV, U = 70
µeV and B = 1000 mT . Label the eigenenergies with the predominant
nature of the state.

8. From the plots, how can you see that the hopping from one site to the
other conserves the spin state of the two electrons?

For homework, please consider the following exercises. The answers will not
be discussed during the tutorial session due to time constraints.

1. Find and discuss the eigenvalues and the eigenstates of the Hamiltonian
as obtained in part 2. above

2. Calculate the splitting between the singlet and the triplet states. Show
that for half-filled Hubbard model (U � 4t) this corresponds to a
Heisenberg exchange interaction of J = 4t2/U .

3. To understand the interplay between t, U , ε and B, plot all the eigen-
energies of the full Hamiltonian (including kinetic energy t, interaction
energy U , detuning energy ε, and magnetic field B) as a function of
the detuning energy, ε, ranging from -200 µeV to 200 µeV for three
different values of magnetic field B = 0, 200, 500 mT . For each value
of magnetic fields, consider the following set of parameters, i) t = 1
µeV, U = 7 µeV , ii) t = 10 µeV, U = 7 µeV , and iii) t = 1 µeV, U = 70
µeV .
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